Introduction and main results
Let G be a topological group whose neutral element is denoted by e. Its Chabauty space SUB.G/ is the set of closed subgroups of G endowed with the following topology: the neighborhoods of a point 2 SUB.G/ are the sets where K runs over the compact subsets of G and U runs over the neighborhoods of e. The Chabauty space is named after Claude Chabauty, who introduced it in [3] to generalize Mahler's compactness criterion to lattices in locally compact groups. If G is locally compact, then SUB.G/ is compact. In this paper we are interested with the continuity of the following function G W SUB.G/ SUB.G/ ! SUB.G/; .K; L/ 7 ! K \ L: Recently, K. H. Hofmann and G. Willis gave the following example in [10, p. 5] to show that the map G is in general not continuous. We introduce the following definition.
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H. Hamrouni and A. Omri Definition 1.2 (OEI-group). A locally compact group G is said to be an OEI-group if the map G is continuous.
As an important subclass of the class OEI we have (repeated as Proposition 4.4 in the body of the paper) Proposition 1.3. The class OEI contains all discrete groups.
Let p be an arbitrary prime number. An element g of a topological group G is called a topological p-element if lim n!1 g p n D e. A subgroup H of G is called a topological p-subgroup if it consists of topological p-elements. Clearly, each abstract p-element of G is also a topological p-element. For a topological group G, we denote by .G/ the set of prime numbers p for which G contains a nontrivial topological p-element.
The following theorem [12, Theorem 4 ] (see also [13, Lemma 6] ), due to I. V. Protasov, gives a necessary and sufficient condition for a compact group to be an OEI-group. Theorem 1.4. Let G be a compact group. Then G is an OEI-group if and only if G D P Ë A, where P is a profinite group with finite Sylow subgroups, A is isomorphic to Q p2 .A/ Z p , .P / \ .A/ D ¿, and the centralizer of any p-Sylow subgroup of G has finite index.
In this paper, we prove, as an improvement as well as a correction of [13, Theorem 1], the following. Theorem 1.5. Let G be a nondiscrete locally compact group. Then the following statements are equivalent.
(1) The group G belongs to OEI.
(2) G is a periodic totally disconnected group in which every open compact subgroup is an OEI-group. 
where V and K run respectively, over all open and compact subsets of G. The hyperspace SUB.G/ endowed with the Chabauty topology is called the Chabauty space of the group G.
The following well-known result can be found in [ 
which achieves the proof. (SC1) For any x 2 H and any neighborhood U of x there is aˇ2 J such that H˛\ U ¤ ¿ for all˛ ˇ.
(SC2) For any x 6 2 H there exist a neighborhood U of x andˇ2 J such that H˛\ U D ¿ for all˛ ˇ.
Proposition 2.10 ([11, Remark 1.1]). Chabauty convergence is equivalent to S -convergence.
Totally disconnected groups
For a totally disconnected locally compact group G, the set of compact open subgroups of G is denoted by SUB co .G/.
The following fundamental result due to Van Dantzig (1931) is the starting point for the structure theory of totally disconnected locally compact groups. Van Dantzig, 1931) . Let G be a totally disconnected locally compact group. Then SUB co .G/ is a basis of identity neighborhoods. Proof. See [15, Lemma 7] . Notation 3.3. For a topological group G, and an element x of G we denote hxi to be the cyclic subgroup of G generated by x. The closure of hxi in G is denoted hxi.
Let G be a topological group. An element x of G is called periodic (or compact) if hxi is compact. It is clear that x is compact if and only if it is contained in a compact subgroup of G. We denote by comp.G/ the set of all periodic elements of G. (S2) For each g in G, s G .g n / D s G .g/ n , n 1.
, where W G ! R C is the modular function.
Definition 3.6 (Uniscalar group). A totally disconnected locally compact group G is said to be uniscalar if its scale function s G is identically 1.
Every totally disconnected locally compact group G which contains a normal compact open subgroup is uniscalar. The converse is not true in general.
Lemma 3.7. Let G be a totally disconnected locally compact group and let s G be its scale function. For each compact element x 2 comp.G/, we have
In particular, every periodic group is uniscalar.
Proof. By Lemma 3.5, the compact subgroup hxi is contained in a compact open subgroup H and therefore x 2 H . The result follows from (S1).
We close this section with the following result.
Lemma 3.8. Let G be a totally disconnected locally compact group. If the net .x˛/˛2 J of elements of G converges to x, then the net .hx˛i/˛2 J converges in SUB.G/ to hxi.
Proof. This follows from the fact that the map G! SUB.G/, g 7 ! hgi is continuous ([10, Theorem 1]).
Proof of Theorem 1.5
The most important classes of topological groups to be considered are:
OED is the class of all discrete groups, OETD is the class of all locally compact totally disconnected groups, OEPTD is the class of all locally compact totally disconnected periodic groups, OEI is the class of nondiscrete OEI-groups. 
for all n and so
Proposition 4.2. We have T 6 2 OEI.
Proof. Let p and q two distinct prime numbers. For each n 2 N define the sub-
It is clear that A n (resp. B n ) is saturated with respect to the canonical projection W R ! T ; that is,
it follows from Proposition 2.8 that
On the other hand, we have .
The proposition is proved. Let G be a discrete group. For a subgroup A and a finite subset K of G we define B.A; K/ def D U.AI K; ¹eº/. It is clear that
is a basis of neighborhoods of A in SUB.G/, where P F .G/ denotes the set of all finite subsets of G.
Proof. The idea of the proof is the same as [10, Theorem 4] . Let G be a locally compact group and assume that G is continuous. The proof will be completed by showing that G 0 , the identity component of G, is a single point. Proposition 4.5 implies that the mapping G 0 W SUB.G 0 / SUB.G 0 / ! SUB.G 0 / is continuous and so it may be assumed for the remainder of the argument that G is connected. If G is not compact, then G contains a closed subgroup isomorphic to R (see e.g. [9, Theorem 12.81] , and recall that all connected locally compact groups are pro-Lie groups ( [8] ). Since R is discontinuous by Proposition 4.1, G is discontinuous in this case. It may therefore be assumed that G is compact and connected. Let T be a maximal closed connected abelian subgroup. If T is singleton, then G is singleton (see [7, Theorem 9 .32 (ii)]). Hence it is no loss of generality for the proof to assume that G is compact, connected, abelian, and nonsingleton. Then G has a surjective continuous character f W G ! T . Since G is continuous on G, it follows that T is continuous on the quotient T . This is a contradiction to Proposition 4.2 and thus proves the lemma.
The proof of the following result is essentially due to I. V. Protasov and Y. V. Tsybenko ( [13] ) with some minor modifications.
Lemma 4.9. Every nondiscrete OEI-group is periodic.
Proof. Let G be a nondiscrete OEI-group. We prove the result by contradiction, so we suppose that G is not periodic. Let x be an element of G n comp.G/. As the group G is totally disconnected (Lemma 4.8), there exists .H˛/˛2 I a basis of identity neighborhoods formed by compact open subgroups of G (Theorem 3.1). We make I a directed set by puttingˇÄ˛whenever H˛ Hˇ. For every˛2 I , let y˛2 H˛n ¹eº. It is clear that the net .y˛/˛2 I converges to e. On the other hand, by Lemma 3.8 the net .hxy˛i/˛2 I converges to hxi D hxi. Let U be an open subset of G such that U \ hxi D ¹xº. By the continuity of G , we have
Let 2 I such that for every˛ we have hxi \ hxy˛i \ U ¤ ¿: As U \ hxi D ¹xº, it follows that hxi \ hxy˛i \ U D ¹xº and therefore x 2 hxi \ hxy˛i:
Consequently, xy˛2 G n comp.G/ and x D .xy˛/ n for some n 2 Z. Thus we have y 1 D .xy˛/ n 1 which contradicts the compactness of y˛.
The implication (1) ) (2) follows from Proposition 4.6 and Proposition 4.5.
(2) ) (1) Let .A˛/˛2 I and .Bˇ/ˇ2 J be two nets of SUB.G/ which converge to A and B respectively. We want to show that the net .A˛\ Bˇ/ .˛;ˇ/2I J converges to A\B. To do this, we prove conditions (SC1) and (SC2) of Definition 2.9.
(SC1) Let x 2 A \ B and U an open set of G containing x. By Corollary 3.5, let H be a compact open subgroup of G such that x 2 H . By Corollary 2.7, the nets .A˛\ H /˛2 I and .Bˇ\ H /ˇ2 J converge to A \ H and B \ H respectively. On the other hand, by hypothesis the group H belongs to the class OEI and so the net .A˛\ Bˇ\ H / .˛;ˇ/2I J converges to A \ B \ H . Since U \ H is an open set of H containing x, there exist˛0 2 I andˇ0 2 J such that for every˛ ˛0 and everyˇ ˇ0 we have A˛\ Bˇ\ H \ U ¤ ¿:
In particular, for every˛ ˛0 and everyˇ ˇ0 we have A˛\ Bˇ\ U ¤ ¿;
which proves (SC1). Condition (SC2) is trivial.
